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Abstract

This paper not only provides a comparison of
recent models in the valuation of mortgage-backed
securities but also proposes an integrated model
that addresses important issues of path-dependence,
exogenous prepayment, transaction costs, mortga-
gors’ heterogeneity, and the housing devaluation
effect.

Recent research can be categorized into two frame-
works.: empirical and theoretical option pricing.
Purely empirically derived models often consider
estimation of the prepayment model and pricing of
the mortgage-backed security as distinct problems,
and thus preclude explanation and prediction for the
price behavior of the security. Some earlier theoret-
ical models regard mortgage-backed securities as
default-free callable bonds, prohibiting the mortga-
gors from exercising the default (put) option, and
therefore induce bias on the pricing of mortgage-
backed securities. Other earlier models assume homo-
geneity of mortgagors and consequently fail to ad-
dress important issues of premium burnout effect and
the path-dependence problem.

The model proposed is a two-factor model in
which the housing price process is incorporated to
account for the effect of mortgagor’s default and to
capture the impact of housing devaluation. Default
is correctly modeled in terms of its actual payoff
through a guarantee to the investors of the security
such that the discrepancy is eliminated by assuming
mortgage securities as either default-free or unin-

sured. Housing prices have been rising at unsustain-
able rates nation wide, especially along the coasts,
suggesting a possible substantial weakening in
house appreciation at some point in the future.
The effect of housing devaluation is specifically
modeled by considering the possibility that the
mortgagor might be restrained from prepayment
even if interest rates make it advantageous to refi-
nance.

Mortgagors’ heterogeneity and the separation of
exogenous and endogenous prepayments are expli-
citly handled in the model. Heterogeneity is incorp-
orated by introducing heterogeneous refinancing
transaction costs. The inclusion of heterogeneous
transaction costs not only captures premium burn-
out effect but also solves the path-dependence
problem. Finally, the model separates exogenous
prepayment from endogenous prepayment, and es-
timates their distinct magnitudes from observed
prepayment data. This construction provides a bet-
ter understanding for these two important compon-
ents of prepayment behavior. The generalized
method of moments is proposed and can be
employed to produce appropriate parameter esti-
mates.

Keywords: MBS valuation; option pricing theory;
exogenous and endogenous prepayments; housing
devaluation effect; devaluation trap; transaction
costs of refinancing and default; generalized
method of moments; path dependency; premium
burnout effect; heterogeneity
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49.1. Introduction

The main objective of this paper is to gain a better
understanding of the valuation of mortgage-backed
securities. Mortgage-backed securities have attrac-
ted unprecedented investor interest over the last
decade, spurring tremendous growth in the market
for this important financial instrument. There are
over $7.7 trillion worth of residential mortgage
loans outstanding, an amount far exceeding the
size of the corporate debt market. Approximately
$5.1 trillion worth of securitized mortgage-backed
securities and CMOs are outstanding, and well over
§$1.8 trillion new mortgage-backed securities and
whole loans pools are issued each year for the past
three years.! Mortgage-backed securities are exten-
sively held by every class of institutional investor,
including commercial banks, saving institutions,
insurance companies, mutual funds, and pension
plans.

An in-depth study of the valuation of mortgage-
backed securities is of interest to financial econo-
mists because mortgage-backed securities have
unique characteristics that are distinct from other
contingent claims, such as monthly amortization,
negative convexity, premium burnout, and path-
dependence. This paper examines recent develop-
ments in the area of valuing mortgage-backed
securities and proposes a model that accommo-
dates these factors affecting the price of mort-
gage-backed securities.

The core issue in valuing mortgage-backed se-
curities is the modeling of the prepayment beha-
vior of mortgagors in the pool backing the
security. Continuous-time option pricing method-
ology has been a popular method in the mortgage-
backed securities valuation because of the obvious
parallel between the call option and the right of a
mortgagor to prepay. In order to model the mort-
gagors’ prepayment behavior more realistically,
recent theoretical models have added modifica-
tions to the original stock option pricing theory
framework. The first of these modifications
broadly accounts for prepayment due to reasons
exogenous to financial consideration, such as mov-

ing and job changes. The second group of modifi-
cation addresses transaction costs. The third
considers heterogeneity among mortgagors, and
the fourth group discusses the separation of ex-
ogenous prepayment and endogenous prepayment.

The observation that homeowners clearly do
not prepay as objectively as option pricing models
imply has motivated many researchers to add pre-
payment functions that allow prepayments for
reasons that are exogenous to purely financial
considerations. Such research includes the work
of Dunn and McConnell (1981a,b), and Brennan
and Schwartz (1985), and most of the prepayment
functions have been arbitrary. The main draw-
back of adding an arbitrary prepayment function
is that it does not aid in the identification of the
factors responsible for prepayment behavior.
Identifying these factors would go a long way
toward enhancing the explanatory power of the
model.

Applying the option pricing theory to the valu-
ation of residential mortgage-backed securities,
one can see a departure from the perfect market
assumption when homeowners face transaction
costs upon refinancing or defaulting. For this rea-
son, Dunn and Spatt (1986) and Timmis (1985)
add homogenous refinancing transaction costs in
their models to adjust the prepayment speeds from
those implied in the frictionless economic environ-
ment. Kau et al. (1993) also add the transaction
cost of default in their modeling of the probability
of default for residential mortgages.

Addressing mortgagors’ heterogeneity is a more
complex matter. Many earlier models assumed
homogeneity among mortgagors to avoid com-
plexity in the pricing process. However, the as-
sumption of mortgagors’ homogeneity fails to
address the issue of premium burnout which is an
important empirical effect of homeowner hetero-
geneity. And this assumption also results in a path-
dependent problem when numerically solving the
optimal refinancing strategies backwards. The pre-
mium burnout effect is the tendency of prepay-
ments from premium pools to slow down over
time, with all else held constant. If a large number
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of mortgagors have already prepaid, those remain-
ing are likely to have a relatively low probability of
prepaying. Conversely, the smaller the number of
previous prepayments, the higher the probability
of prepaying by the remaining mortgagors. The
aforementioned path-dependent problem occurs
because any mortgage pool contains a group of
mortgagors who behave differently in their pre-
payment decisions: these mortgagors differ in
their willingness or ability to prepay their loans
under favorable circumstances. As a result, with-
out knowing either the type of mortgagor or the
entire path of interest rates from origination, back-
ward optimization is not applicable because there
is no way of knowing whether the earlier prepay-
ment exercise is optimal.

Johnston and Van Drunen (1988), and Davidson
et al. (1988) improve on the homogenous transac-
tion cost model by introducing heterogeneous
transaction models. They assume that different
homeowners face different levels of refinancing
transaction costs. In addition to the ability to
capture the premium burnout, the inclusion of
heterogeneous transaction costs also solves the
path-dependent problem encountered when pool-
ing individual mortgagors, who behave differently
in their prepayment decisions.

Another common problem in existing models is
the lack of differentiation between exogenous pre-
payment and endogenous prepayment. This lack
of distinction between the two thereby precludes
explanation of the interrelation between these im-
portant behavioral components. Endogenous pre-
payment refers to any prepayment decision that
occurs in response to changes in underlying eco-
nomic processes, such as the interest rate. Stanton
(1990) incorporates an endogenous decision par-
ameter that enables separate estimations of en-
dogenous prepayment and prepayment for
exogenous reasons. As a result, the explanatory
power of the model is improved. In addition to
the inclusion of the previously discussed modifica-
tions, our model introduces two adjustments. One
is the treatment of mortgagors’ right to default in
the content of mortgage-backed securities valu-

ation. And the other is the impact of the housing
prices on prepayment behavior.

Although default has been modeled as a put
option in the models of residential mortgages or
commercial mortgage-backed securities, many
earlier models have not incorporated it in the valu-
ation of residential mortgage-backed securities.
This is because government agency guarantees
lead to the perception that securities are default-
free. Default should be taken into consideration
because there is a payoff difference between a
guaranteed mortgage-backed security and a de-
fault-free security. The payoff from a guarantee
in the event of default is the par amount rather
than the market value of the security, thus produ-
cing an asymmetric return for investors.

In modeling default, we expand previous de-
fault-free models into a default-risky model in
which the housing price process is included as a
second-state variable. Default is explicitly modeled
in terms of its actual payoff through a guarantee to
the investors of the residential mortgage-backed
security. This is in contrast to models for individ-
ual mortgages or commercial mortgages in which
mortgages are neither insured nor guaranteed.
Consequently, the payoff in the event of default
in these cases is the value of the house. By correctly
modeling the effect of default, our model reduces
the discrepancy from assuming mortgage-backed
securities as either default-free or uninsured.

The housing price process is incorporated in the
model not only to account for the effect of default
on security price, but also to determine its impact
on the prepayment behavior of mortgagors. The
effect of housing prices on prepayment is specific-
ally modeled by considering the possibility that the
mortgagor might be restrained from prepaying
even if interest rates make it advantageous to refi-
nance. This is because housing prices have fallen to
the extent that the mortgagor is no longer qualified
for refinancing.

The model we propose not only captures the
fundamental characteristics of the mortgagors’
prepayment behavior but it also combines para-
metric heterogeneity and variability of the decision
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parameter to the extent that our model can come
closer than previous models in describing empirical
prepayment behaviors.

49.2. The Model

The central issue in valuing mortgage-backed secur-
ities is the treatment of prepayment uncertainty.
The valuation model of mortgage-backed securities
proposed here is based on the continuous-time op-
tion pricing methodology. This methodology treats
the right of a mortgagor to prepay as a call option
and the right to default as a put option. Modifica-
tions to the assumption of perfect capital markets
and the principle that borrowers act to minimize the
market cost of their mortgages are required to por-
tray mortgagors’ actual prepayment behavior in a
more realistic manner.

According to Dunn and McConnell (1981) and
Brennan and Schwartz (1985), we allow mortgagors
to prepay for reasons exogenous to purely financial
considerations. In contrast to their models that as-
sume arbitrary exogenous prepayment functions,
our model utilizes the proportional hazard function
and can be estimated from observable prepayment
data.

To account for the fact that homeowners face
transaction costs when they prepay or default on
their mortgages, we follow Johnston and Van Dru-
nen (1988). Consequently, we add heterogeneous
refinancing transaction costs in our models to ad-
just the prepayment speeds from those implied in
the frictionless economic environment. Following
Kau et al. (1993), we also add the transaction cost
of default in modeling the effect of default.

Default has been modeled as a put option in
the valuation of residential mortgages or commer-
cial mortgage-backed securities. However, many
models have not incorporated default in the valu-
ation of residential mortgage-backed securities be-
cause government agency guarantees lead to the
perception that securities are default-free. More-
over, there is a significant difference between the
payoff of a guaranteed mortgage-backed security
and that of a default-free security. The payoff from

insurance in the event of default is the par amount
rather than the market value of the security, pro-
ducing an asymmetric return for investors.

Kau and associates (1992) develop a two-factor
model for both prepayment and default only in the
context of evaluating individual mortgages, where
mortgages are considered as uninsured. As dis-
cussed in the Chapter 49, the payoff from unin-
sured mortgages is the value of the house when the
mortgage is defaulted. In our model, the payoff to
the investor from default is explicitly modeled as
insured mortgages. This eliminates the potential
bias in the pricing of mortgage-backed securities.

A significant relationship between observed pre-
payment and housing prices data pointed out by
Richard (1991) leads us a final adjustment of the
two-factor model. The housing price process is
brought in not only to account for the effect of
default on security price, but also to determine its
restraining effect on mortgagors’ refinancing de-
cisions.

Figure 49.1 outlines these differences between
one-and two-factor models and the innovations
presented in this study.

In the one-factor model, the prepayment deci-
sion responds to the level of interest rates. The
two-factor model adds two additional termination
outcomes that follow from the level of housing
prices. At very low housing prices, the mortgagors
may default regardless of the interest rate in order
to cut their losses. Finally, the mortgagor might be
restrained from prepaying even if interest rates
make it advantageous to refinance. This occurs
when the housing prices fall to the extent that the
new loan cannot cover the costs of refinancing.

In addition to capturing these fundamental
characteristics of the mortgagor’s termination be-
havior, this model aggregates the underlying pool
of mortgages according to the heterogeneity of
transaction costs. And it is the specification of
heterogeneous transaction costs that also solves
the path-dependent problem displayed by pooled
mortgages.

The following first section pertains to the model-
ing of termination decisions affected by exogenous
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/¢[ r>r* |—— No prepayment |

One-factor
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Prepayment |

H(t) > Hdn

H(t) < Hdn

No prepayment from
low interest rates

Default |

Two-factor

model H(t) = H*

Prepayment from
low interest-rate

rsrr H* > (Ht) > Hdn Restrained from
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| Ht)<Hdn  f— Default |

[[d adjustments introduced by our model

r critical value for interest rate motivated prepayment

H* housing price upper limit restraining mortgagor from refinancing
Hdn  housing price upper limit of default

Figure 49.1. Model trees

and endogenous factors, housing prices, and trans-
action costs. The later section introduces our model,
which is a two-factor pricing framework that pro-
vides exact security prices given underlying interest
rate and housing prices processes, and precludes
arbitrage opportunities.

49.2.1. Modeling Issues

49.2.1.1. Exogenous Prepayment

In practice, exogenous reasons for termination in-
clude factors such as relocation, death, divorce, or
natural disasters. Exogenous prepayments are also
known as turnover prepayments. A hazard function
is used to model exogenous prepayment as follows:

Pr(Exogeneous prepayment in(z, ¢ + 87)|
No prepayment prior to ?)

w0 = iy

5t
(49.1)

There are numerous parametric methods used in
the analysis of duration data and in the modeling
of aging or failure processes. We use the exponen-
tial distribution in the model for its simplicity. The

distribution is characterized by the constant haz-
ard function

7(t)=mt > 0and 7 > 0. (49.2)

The probability that an individual has not prepaid
for exogenous reasons until time 7 is given by the
survival function S(z),

S)y=e = >0 (49.3)

49.2.1.2. Endogenous Termination
A mortgage is terminated when mortgagors either
prepay or default on their mortgages. Any termin-
ation which affects the cash flows passed through
to the investors will have an impact on the price of
the mortgage-backed securities. Throughout the
model, endogenous termination is defined as any
rational termination decision that occurs in re-
sponse to underlying economic processes rather
than personal considerations.

We assume that mortgagors maximize their cur-
rent wealth, or equivalently, minimize their liabil-
ities. Mortgagors’ liabilities can be thought of as
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composed of three parts. The first part consists of
owing the scheduled streams of cash flows associ-
ated with the mortgage. The second part consti-
tutes their option to prepay at any time, which is
equivalent to possessing a call option. And the
third part consists of mortgagor’s option to de-
fault, which functions as a put option. Option
pricing theory is, therefore, an appropriate method
for determining the value of mortgagors’ mortgage
liability.

A model of mortgage pricing should incorporate
both refinancing transaction costs and default
transaction costs in order to more accurately por-
tray the decision-making processes of mortgagors.
Although including transaction costs causes the
resulting termination strategy to deviate from the
perfect market assumption, the strategy still re-
mains rational.

In order to derive the magnitude of endogenously
determined termination, we follow Stanton (1990)
and introduce p, which measures the frequency of
mortgagors’ termination decisions. The time be-
tween successive decision points is described as an
exponential distribution. If we let 7; be one such
decision point, and T}, the next, then

Pr(Ti1 —T;>1)=¢ " (49.4)

If mortgagors are continually re-evaluating their
decisions, then the parameter p takes on a value of
infinity. If mortgagors never make endogenous
termination decisions and only terminate for ex-
ogenous reasons, then p takes on a value of zero. If
p takes on a value between these limits, then this
signifies that decisions are made at discrete times,
separated on average by 1/p.

Given this specification, the magnitude of endo-
genized termination can be estimated and studied.
The contribution of this device is to separate the
magnitude of endogenized termination from that
of exogenous termination. It also serves to help
understand the actual termination behavior of
mortgagors. Without this specification, it would
be difficult to know the proportion of termination
from endogenous optimization decisions and the
proportion due to exogenous factors.

Utilizing the definitions from Sections 49.2.1.1
and 49.2.1.2, we notice that the optimal exercise
strategy immediately leads to a statistical represen-
tation of the time to terminate for a single mortga-
gor. If termination is due exclusively to exogenous
factors, then the termination rate is 7 and the
survival function is defined as in Equation (49.4).
When termination occurs for endogenous reasons,
the probability that the mortgagor terminates in a
small time interval, 8¢, is the probability that the
mortgagor neither prepays for exogenous reasons
nor makes a rational exercise decision during this
period. This survival function can be approxi-
mated by

() = e ™. e M — g~(m+P if endogenous termination
e ™! if no endogenous termination -

(49.5)

49.2.1.3. Transaction Costs and Aggregation of
Heterogeneous Mortgages

The cash flows that accrue to the investor of a
mortgage-backed security are not determined by
the termination behavior of a single mortgagor,
but by that of many mortgagors within a pool. To
cope with the path-dependent problem caused by
the heterogeneity within a pool of mortgages, we
assume that the different refinancing transaction
costs each mortgagor faces is the only source of
heterogeneity. Although the costs of initiating a
loan vary among different types of mortgages,
some of the most common costs borrowers face
include credit report, appraisal, survey charges,
title and recording fees, proration of taxes or
assessments, hazard insurance, and discount
points.

The transaction costs of individual mortgagors
are drawn from a univariate discrete distribution,
which allows for underlying heterogeneity in the
valuation of the mortgage-backed security. A bet-
ter way to choose the underlying distribution that
represents this heterogeneity would be to look at
summary statistics of transaction costs actually
incurred by mortgagors when they refinanced.
A discrete rectangular distribution is chosen for
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its simplicity and the task of determining which
distribution improves the fit is left for future re-
search.

The value of the security is equal to the expected
value of the pool of mortgages weighted by the
proportions of different refinancing transaction
cost categories. Suppose that each X; (the refinan-
cing transaction costs faced by mortgagor i) is
drawn from a discrete rectangular, or uniform dis-
tribution

Prix=a+ih)=M"", i=1,.... M (49.6)

Various standard forms are in use. For this appli-
cation, we set a = 0, h = RM ', so that the values
taken by x are RM~!, 2RM~', ..., R. The upper
bound R of the transaction cost is set at 10 percent.
The distribution for the transaction costs is then
defined as:

Pr<x:ig> =M i=1,...,M (49.7)

i ) e

In principle, given any initial distribution of
transaction costs, it is possible to value a mort-
gage-backed security backed by a heterogenecous
pool of mortgages in a manner similar to the valu-
ation of a single mortgage. If the value of individ-
ual mortgages is known, then the value of the pool
is the sum of these individual values. When the
value of individual mortgages is not known, but a
distribution of transaction costs is generated that
accounts for heterogeneity, the expected value of a
pool of mortgages is the sum of the transaction
cost groups times the probability of their occur-
rence in the pool.

Recall from Section 49.1.2 that for a given
transaction cost X; and state of the world, if any
mortgagor finds it optimal to terminate, the haz-
ard rate is the sum of the exogenous prepayment
rate, 7, and the endogenized termination rate, p.
If it is not optimal to terminate, the hazard rate
falls back to the background exogenous prepay-
ment rate .

Models that neither permit the estimation of
p nor consider exogenous factors in the prepay-

ment decision imply that p = oo and 7 = 0, and
the single-transaction cost level predicts that all
mortgages will prepay simultancously. Adding
heterogeneous transaction costs addresses the
problem of path dependence, however, keeping
the same parameter values still does not permit
hesitation in the prepayment decision. Although
prepayment rates fluctuate, in reality, they do
tend to move fairly smoothly. The effect of set-
ting p to a value other than oo is to permit a
delay even when it is optimal to prepay. And
prepayment need not occur at all if interest rates
or housing prices change such that it is no
longer optimal. The actual value of p determines
how fast this drop occurs. Thus, combining
parametric heterogeneity and variability of the
parameter p would allow the model to come
closer than previous rational models to describe
empirical prepayment behavior.

49.2.2. A Model for Pricing Mortgage-Backed
Securities

49.2.2.1. Termination Decision of a Single
Mortgagor
The following is a model of rational prepayment
behavior of mortgages that extends the rational
prepayment models of Stanton (1990) and Kau
and associates (1993). Mortgagors may terminate
their mortgages for endogenous financial reasons
that include interest rates and housing prices, or
for exogenous reasons. They also face transaction
costs, which are used to differentiate mortgagors
and solve the path-dependent problem. Mortga-
gors choose the strategy that minimizes the market
value of the mortgage liability.
The following assumptions are employed:

1. Trading takes place continuously and there are
no taxes or informational asymmetries.

2. The term structure is fully specified by the
instantaneous riskless rate r(z). Its dynamics
are given by.

dr = k(p, — r)dt + opy/rdz, (49.8)
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3. The process to capture the housing price is
assumed to follow a Constant Elasticity of
Variance (CEV) diffusion process

dH = uyHdr + oy H??dzy, (49.9)

where wy, og > 0,0 <y <2, and {zn(?),t > 0}
is a standard Wiener Process, which may be
correlated with the process {z;(¢),t > 0} When
v = 2, the process is lognormal.

The underlying state variables in the model are
the interest rate r(¢) and the housing price H(7). By
applying the arbitrage argument, the value of the
ith mortgage liability V(r,H, f) satisfies the follow-
ing partial differential equation:

1 . .
5 a2V + poou/rHY? Vi

1 . )
+ EUIZ_IHV Vi + k(e — 1) — Ar]V}

+rHVi + V] =1V’
=0, (49.10)
where Ar represents factor risk premium.

The value of the mortgage liability is also re-
quired to satisfy the following boundary conditions:

1. At maturity 7, the value of a monthly amort-
ization bond is equal to the monthly payment:

Vitr, H, T) = MP

2. As r approaches infinity, the payoff of the
underlying mortgage bond approaches zero:

lim Vi(r,H, 1) =0

Figure 49.2 summarizes the remaining conditions,
which establish the boundaries of the various cir-
cumstances affecting the termination decision.

3. At any time ¢z, the mortgage value satisfies the

following conditions:
Let Vi(r, H,t") = Vi(r, H,t + 1) + MP, then
Vi, Ht*) i H(t)> Hdn and U()(1+ X)) >
V;: (r, H, t7)if continued
if H(t)>Hdn and Vi(r, H,1+) >
U (t) (1 + Xi)if refinanced
U if H(t) < Hdn if defaulted

Vitr,H,0)={ U(r)

where U(¢) is the principal remaining at time ¢.
Hdn is the boundary of default, defined as the
housing price times the cost of default, or
Hdn = (V'r,H,t")/(1 +d).X; is the prepayment
transaction costs for individual i and d is the trans-
action cost of default for all individuals. This
boundary condition defines the default and refi-
nancing regions in Figure 49.2. When housing
prices fall so low that they are exceeded by the
default cost-adjusted mortgage value, the mortga-
gor will exercise their put option by defaulting. The
refinancing region describes a situation in which

H() |
|
|
|
:
|
H* < H(t) :
|
(refinacing region) :
:
N .
Hdn < H < H* :
(devaluation trap) :
Hdn| T oo T _______ S
H(t) < Hdn | (default region)
I

Hdn < H(t) < Hup

(contiuance region)

|:| : Continuance region
|:| : Termination region

r* :ov(r*,Ht) = u/(t)(1+xi)
H* : u®)(1+xi)-LTV*HH)=V(r,H,t)-u(t)

Hdn: Hdn = V(r,H,t/(1+d)

r*
V(r,h,t) > ut)(1+xi)

Figure 49.2. Diagram of boundary conditions

V(r,H,t) < u(t)(1+xi)
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the interest rate falls to the point where the
mortgage value is greater than the refinancing
cost-adjusted unpaid principal. In this case, the
mortgagor exercises the call option by refinancing
their loan. The value of the mortgage liability takes
on the value of unpaid principal U(¢) unadjusted
by transaction costs (1 + X;), because the refinan-
cing costs are collected by the third party who
services the mortgage.

4. To improve on the previous model, we have
included the effect of housing prices on the
termination decision

Vi(r,H,t) = Vi(r, H,t")if H* > H(f)
> Hdn and Vi(r, H,t") > U(1)
(1 + Xi) if restrained,

where LTV is the loan-to-value ratio and H* is
determined at

U+ (1 + Xi))— LTV x H(?)

=Vi(r,H,t)— U(®). (49.11)

This condition encompasses the devaluation trap.
The devaluation trap occurs when housing prices
fall between H* and Hdn, where the costs of
refinancing exceed its benefits. The mortgagor
will be unable to refinance their loan, even
though interest rates are advantageous, because
they will have to pay the difference out of their
pocket. And since the housing price remains
above the default threshold, the mortgagor con-
tinues the mortgage. The present value of costs is
determined by the left-hand side of Equation
(49.11), that is the difference between the unpaid
principal plus refinancing transaction cost and
the new loan amount, which is the housing
price times the loan-to-value ratio. The benefit
of refinancing is given by the right-hand side of
Equation (49.11), i.e. the mortgage value minus
the unpaid principal. The role of the loan-to-
value ratio is important in determining the size
of the devaluation trap. The higher loan-to-value
ratios result in decreases in the range of the
devaluation trap.

Working back one month at a time, we can
value the ith mortgage liability Vi(r, H, t) by solv-
ing Equation (49.10), given boundary condition 1
through 4. Given 7 and p, we can also calculate the
probability that the mortgage is terminated in
month 7. Denote P, the probability of termination
if only exogenous prepayment occurs. Denote P
the probability of termination if it is endogenous
conditions that lead to a decision to terminate in
month 7. According to the survival function Equa-
tion (49.5), these termination probabilities are
given by

P, =1— e ™P/12 if endogenous termination

P. =1 — ¢ ™12 if no endogenous termination

We can now calculate the expected value of a single
mortgage liability. That is

(1 —P)Vi(r,H, ")+ P.U(1)
(if endogenous termination)
(1= Po)'(r, H, ") + P.U(0)

(if no endogenous termination)

Vir,H,t) =

49.2.2.2. Valuation of a Pool of Mortgages

To determine the value of the mortgage-backed
security at any time ¢, as mentioned above, we
can simply take the expected value of pooled mort-
gage liabilities

M

V(r,H,1) = ; Vir,H, 1) x P(X; = x) @912)

x € (0, 0.1]

49.3. Estimation

A model for valuing mortgage-backed securities
was described that permits the determination of
the security’s price for given parameter values
describing exogenous and endogenous factors
that contribute to the termination decision. The
next logical step would be to estimate these para-
meter values from prepayment data. In this sector,
the generalized method-of-moment technique is
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proposed for the estimation, where the termination
probability at any given time ¢ is required for
equating the population and sample moments. In
order to accomplish this, we must determine the
model in terms of the probability rather than in
terms of the dollar value of the security.

49.3.1. Determination of the Expected
Termination Probability

In addition to equating the population and sample
moments when the generalized method-of-moment
technique is employed for the estimation, the cal-
culation of termination probability is useful be-
cause it can also be utilized to determine the
expected cash flows for any other mortgage-related
securities, such as collateralized mortgage obliga-
tions. We first restate the procedure for determin-
ing the price in order to provide a comparison
to the procedure for determing termination prob-
ability.

49.3.1.1. Procedure for Determining the
Security Price
In this model, the uncertain economic environment
a homeowner faces is described by two variables:
the interest rate and the housing price. The
term structure of the interest rate is assumed to
be generated from the stochastic process described
in Equation (49.8) and the process of the hous-
ing prices is represented in Equation (49.9). As-
suming perfect capital markets, the present value
Vi(r, H,t) of the mortgage contract at time ¢ is of
the form
T

; - 7jr(t)dt
Vi(r,H,f) = E, |e

V1), (49.13)

where V'(T) is the terminal value of the mortgage
liability at expiration date 7. This equation states
that the value of the mortgage is equivalent to the
discounted-expected-terminal payoffunder the risk-
neutral measure. By Girsanov’s theorem, under cer-
tain circumstances, the change in measure merely

produces a change in drift in the underlying
diffusions. Consequently, one must substitute the
risk-adjusted processes for the actual stochastic
processes in Equations (49.8) and (49.9), which in
this case are

dr = (kp, — (k + M)r)dt + o,dZ (49.14)
and
dH = rHdt + oydzy. (49.15)

When the housing price process is transformed
to its risk-adjusted form, the actual required rate of
return on the house wH drops out of the equation.
Therefore wH does not influence the mortgage and
default option values. We know that the mortgage
value Vi(r,H,1) satisfies the partial differential
equation specified in Equation (49.10). And thus,
with the appropriate terminal and boundary con-
ditions, the value of the mortgage is determined by
solving this partial differential equation (PDE)
backwards in time.

49.3.1.2. Deriving the Expected Termination
Probability of Mortgage i

In order to implement the parameter estimation,

we are now concerned with the actual occurrence

of termination instead of the dollar value of the

mortgage. We begin the derivation of termination

probability with the following definition:

Pi(r,H, t) = Pr((r(1), H(7),T)
€ termination region of mortgage i, for some
T > t, given(r(?), H(?),t) = (r, H, 1))
(16)

where (r, H, t) are the interest rate and housing
price at current time ¢, while P'(r, H, f) is the prob-
ability that termination ever occurs beyond the
current situation. The general theory of stochastic
processes allows that such a probability satisfies
the Kolmogorov backward equation

1 . 1 _
FTP -+ PPy 3 1 Py
+ k(w, — )P+ py Py + P =0

(17
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To describe the boundary and terminal condi-
tions, we denote () for the part of (r,H,r) space
outside the termination region, while 9} forms
the termination boundary. Using this notation,
we have the terminal and boundary conditions

P HT) = UM i (nH.0) €0 1€, T)
T 0 otherwise
(49.18)

These conditions merely state the obvious prin-
ciple that termination has a probability of 1/M if
the conditions lead to a decision to terminate and
has a probability of zero if the mortgage continues.
One might recall that a pool of the mortgagors is
segregated according to a discrete uniform distri-
bution with M groups. Hence, if the environment
is within the termination region, the probability of
termination of any given mortgage group is 1/M,
rather than one.

The determination of probability of termination
does not involve discounting, and as such the non-
homogeneous rV' term from Equation (49.10) is
excluded from Equation (49.17). Considering we
are concerned with the actual incidence of termin-
ation and not the dollar value of the termination
option, the real process in Equations (49.8) and
(49.9) are used for r(¢) and H(¢) rather than the
risk-adjusted processes. Therefore, wH is required
when the probability of termination is calculated
although wH has no effect on the dollar value of
mortgage liability. Solving the valuation problem
from Equation (49.10) gives the index result of the
termination region 9€), which consequently enters
into the terminal conditions of Equation (49.17).
These conditions are treated as a fixed-boundary
problem in the solving of Equation (49.17), rather
than as a free-boundary problem as in the solving
of Equation (49.10).

Solving Equation (49.17) subject to the bound-
ary conditions in Equation (49.18) yields the ter-
mination probability at any grid (r, H, ¢, X;) for the
individual mortgage liability i, called P;,. Recalling
that the hazard rate for mortgage i from Equation
(49.5) takes on a value of 7 if it is not optimal to

terminate for endogenous reasons, and takes on a
value of (7 + p) otherwise, and thus the expected
>k

termination probability for mortgage i, P;, is cal-
culated as

P;-kr == Pe(l - Pi[) + Per[. (519)

49.3.1.3. Determination of the Expected
Termination Level of Pool j

Since the distribution of the refinancing transac-
tion cost X; is independent of the underlying sto-
chastic processes, the expected termination for any
given pool j is calculated by counting the propor-
tion of terminations in each transaction cost
group. If we denote P, as the expected termination
probability for a given pool j, then

M M
Py, => Py, =Y P(l—Py)+ PPy
i=1 i=1

M M
:PL)(I —ZPZ'[> +Przpif
i=1 i=1

Equation (49.20) permits us to calculate the
expected termination probability for a given pool
j without having to calculate the expected prob-
ability of each individual mortgage i.

(49.20)

49.3.2. Estimation Approach

49.3.2.1 Generalized Method of Moments (GMM )
The generalized method of moments procedure set
out by Hansen (1982) and Hansen and Singleton
(1982) has been widely used in financial market
applications and in labor market application. The
procedure is a limited-information method analo-
gous to two-stage least squares. GMM provides a
means of estimating parameters in a model by
matching theoretical moments of the data, as a
function of the parameters, to their sample coun-
terparts.

The usual way of proceeding is to identify error
functions of the parameters and observable data
which have an expectation of zero, conditional on
the information available at the time the data are
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observed. That is, if we let 6y denote the true vector
of parameter values, there are error functions
eir(0o), i=1,2,..., M, satisfying the orthogona-
lity conditions

Elei(00)|1,] = 0, (49.21)

where e;; is a function of the parameters and of
data up to and including time ¢ and 7, is the infor-
mation set at time ¢. This equation states that these
error functions have a mean zero conditional on
the information set at time ¢, when the functions
are evaluated at the true parameter value. The
implication is that the errors must be uncorrelated
with the variables in the information set /,, and
thus, if zj is a finite dimensional vector of random
variables that are I, measurable, then by the law of
iterated expectations

Elei(00)z;i] = 0. (49.22)

If eisa M x T matrix, and zis N x T, this can be
rewritten as

Elg«(60)] = 0,

where g is the MN x T matrix formed by taking
the direct product of e and z. This equation is the
basis for the GMM technique. Suppose the sample
counterpart of this set of population moments is
the MN-vector valued function gr(f), which is
defined by

(49.23)

1 T
gr@; =7 2_ &), (49.24)
The usual GMM estimation procedure involves
minimizing a quadratic form of the type

07(0) = gr(0) Wgr(6),

where W is some positive-definite weighting
matrix. This is usually done in two steps. First,
take W to be the identity matrix and perform one
minimization. Next calculate Wy, the sample
estimator of

Wo = (Elg/(00)g.(60)) ',

(49.25)

(49.26)

and use this as the weighting matrix in the second
stage. As long as W7 — W; almost surely, then the
asymptotic variance matrix of the GMM estimator is

1 —
>~ = [(El0g.(60)' /06) Wo(EL9g(00)/90') |
0

(49.27)

In addition, the statistic TQ7(6), which is sam-
ple size times the minimized value of the objective
function, g7(6) Wgr(0), is distributed as a chi-
squared random variable with degrees of freedom
equal to the dimension of g,(00) less the number of
estimated parameters. This statistic provides a test
of the over-identifying restrictions.

49.3.2.2. Moment Restrictions

The typical moment condition to use is the expect-
ation of the difference between the observed pre-
payment level and its expected value, defined
appropriately, equal zero. If we denote ¢; for
the proportion of pool i prepaying in month ¢.
The expected value of ¢, ¢t conditional on the
information set at time ¢ follows from above, as-
suming that the distribution of transaction costs
among the mortgages remaining in the pool is
known. If the termination probability of pool i at

time ¢ is P, then

Elgy|I[] = P(1 — P}) + P,P; (49.28)

it
where P, =1 —e (™03 p, — 1 — =™ are previ-
ously defined and P; is calculated from the
previous section.

It is possible to calculate unconditional moment
conditions by multiplying these conditional mo-
ment conditions in Equation (49.28) and appropri-
ate elements of the information set. Define the
residual for pool i at time 7 as

it = Qi — Piy- (49.29)
This satisfies the following expression:
Eleq(00)|1] = 0, (5.30)

where 1, is a subset of the full information set at
time ¢, which includes the interest rate path. Given



MBS VALUATION AND PREPAYMENTS 741

this, it is possible to create more moment condi-
tions as above. If z; is an element of 7/, then
Ele;;zj;] = 0. However, z;; may not be any variable
that gives information about the actual sequence of
prepayments. For example, setting z;; equal to a
lagged value of the prepayment level is not valid
because the expected residual may be correlated
with lagged prepayment levels. The implication of
this is that there will be positive serial correlation
in the residuals e;;. Hence, if the residuals are
stacked in the usual way, averaging across time
periods, one will have to deal with this serial cor-
relation in calculating the appropriate standard
errors for the GMM estimators.

To avoid the issue of serial correlation, the re-
siduals can be stacked by averaging across pools,
instead. Under the null hypothesis of independent
pools, this way of stacking will result in no correl-
ation between the contemporaneous residuals from
different pools. Therefore, by assuming that the
mortgages are drawn from a well-behaved under-
lying distribution, the sample estimator W7y is still
a consistent estimator of the optimal weighting
matrix Wy, and the usual asymptotic standard
error results are valid.

49.4. Conclusion

The valuation model of mortgage-backed secur-
ities proposed here is a model that extends the
rational option pricing approach used by previous
authors. This model is able to capture many im-
portant empirical regularities observed in prepay-
ment behavior that have previously been modeled
successfully using only purely empirically derived
prepayment models. However, in these purely em-
pirical models, estimation of the prepayment be-
havior and the valuation of a mortgage-backed
security are often treated as completely separate
problems. This model prevents ad hoc integration
of the estimation of prepayment and the valuation
of a mortgage-backed security, and links these two
into a structured model. Therefore, this model can
address economic questions that are beyond the

scope of purely empirical models, while possessing
a simple reduced form representation that allows
estimation using observed prepayment data.

This integrated model captures the fundamental
characteristics of a mortgage-backed security, such
as exogenous prepayment, endogenous prepay-
ment, transaction costs of refinancing and default,
heterogeneity among mortgagors, and the issue of
path dependence. In addition, the treatment of
embedded options, the prepayment (call) option
and the default (put) option, are modeled with
care to accommodate more realistic aspects of a
mortgagor’s behavior. In particular, the payoff
from the incident of default is modeled as an in-
sured mortgage, so that the potential discrepancy
in the pricing of the mortgage backed security is
eliminated.

Another important innovation of the model is
the explicit modeling of the housing devaluation
effect that was the prevailing phenomenon in the
early 1990s due to declined home prices. Over last
several years, housing prices have been rising at
unprecedented rates. A correction in the housing
market is likely to occur in the near future and
trigger a devaluation-induced prepayment slow-
down. The term used for the devaluation effect is
“devaluation trap” because the effect is activated
only when housing prices fall to a degree at which
the costs of refinancing exceed its benefits. The
mortgagors are trapped and unable to refinance
their loans even though interest rates are advanta-
geous, because the new loans entitled from deval-
uated houses are no longer sufficient to cover the
costs of refinancing.

Two constituents allow this model to come closer
than previous models in describing empirical pre-
payment and price behavior. These are the incorp-
oration of mortgagors’ heterogeneity and the
delaying of the rational prepayment decisions of
mortgage holders. The heterogeneity of mortgagors
is accomplished by introducing heterogeneous refi-
nancing transaction costs. And the mortgagors’
prepayment decisions are assumed to occur at dis-
crete intervals rather than continuously, as was
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assumed with previous rational models. Hence,
these two combined factors produce smoother pre-
payment behavior as observed in the actual data,
and allow the model to generate prices that exceed
par without requiring excessive transaction costs.

It is known that utilizing maximum likelihood as
a means of estimating the parameters in parametric
hazard models of prepayment is problematic, given
the constitution of available prepayment data.
Thus, by utilizing an alternative approach, the
generalized method of moments, the model param-
eters can be estimated. This approach overcomes
the problems associated with maximum likelihood
in this setting.

NOTE

1. Taken from the Federal Reserve Bulletin, Inside
MBS &BS, and UBS.
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